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This short note is a brief comment to certain aspects of the theory of classical 
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I r-matrix [1] and bihamiltonian formalism [2] , which motivations lie in constructions 

^ ■ of articles [3]. 

^ ' 1. Linear bunches of Lie algebras and Lie rhYB-algebras 

I This paragraph is devoted to the anlysis of some algebraic structures associated 

: '"1 ■ with linear bunches of Lie algebras. 

X 

■ 1.1. F-bunches of Lie algebras and tangent bracket. 

Definition lA. The (one-parametric) bunch of Lie algebras is a linear space 
supplied by a family of Lie brackets [■, -Ja (A G M). The Lie algebra from g, which is 
defined by the bracket [■, •]>, is denoted by Q\. A bunch of Lie algebras g is called 
the T -bunch if there are defined homomorphisms R\ from the Lie algebras Q\ into 
the Lie algebra go: otherwords, the equality 

Rx[X,Y]x = [RxX,RyXl 

where [■, ■] = [■, -jo, holds for all X and Y from g. 

Below there will be considered only smooth bunches, i.e. the bunches, which 
Lie brackets form a smooth family, and smooth F-bunches, for which the family of 
homomorphisms R\ is also smooth. 



^ This is an English translation of the original Russian version, which is located at the end of 
the article as an appendix. In the case of any differences between English and Russian versions 
caused by a translation the least has the priority as the original one. 



Proposition 1. Let Q be a smooth T-bunch of Lie algebras. Define the tangent 
bracket [•,-]r as 



dX 

Then 



[X, Y]r = [RX, Y] + [X, RY] - R[X, Y], 

where 



R "^^^ 



dX 



A=0 



Remark 1. The bracket [•,•]/? is trivial (is identical zero) if and only if i? is a 
derivative of the bracket [■,•]. 

Remark 2. The bracket [•, -jfl is a Lie one if and only if 

r), + B{[X, Y],Z)) + c.p. = 0, 

where 

B{X, Y) = R[RX, Y] + R[X, RY] - [RX, RY] - R^[X, Y]. 

The expanded expression for B{X,Y) may be compactified into the binomial for- 
mula 

B{X, Y) = R[X, Y]b. - [RX, RY]. 

1.2. Linear F-bunches of Lie algebras and the modified Yang-Baxter 
equation. Note that the bracket [•, •] and the tangent bracket [■,-]r in any F- 
bunch of Lie algebras always obey the identity 

{[[X, Y]r, Z] + [[X, Y],Z]r) + c.p. = 0. 

Hence, if the tangent bracket [■,-]r is a Lie one, then it is compatible with the 
bracket [■,•]. This circumstance motivates to consider the linear F-bunches of Lie 
algebras. 

A bunch of Lie algebras q is called linear if the Lie brackets [■, ■]\ from a linear 
family, otherwords, [•, ■]x = (1 — A)[-, -j+Af-, -ji. A F-bunch of of Lie algebras is called 
linear if not only Lie brackets but also the homomorphisms Rx form a linear family, 
i.e. Rx = 1 + XR. The condition of linearity of the family of homomorphisms Rx is 
natural, because for any nonlinear family Rx its linear part 1 + XR {R = ^^\x-o) 
defines the same linear family of brackets [•, ■]x. 

Theorem lA. For a linear T-bunch of Lie algebras Q the tangent bracket [■,-]r 
(which is a Lie one in this case) obeys the following condition 

R[X,Y]r=[RX,RY], 

otherwords, 

R[RX, Y] + R[X, RY] = [RX, RY] + R^[X, Y]. 

The theorem means that the condition that the bracket [■,-]r is a Lie one from 
remark 2 is factorized in case of linear F-bunches and is reduced to the claim of 
the identical equality of the expression B{X,Y) to zero. Note that the fact that 
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the bracket [■,-]r is a Lie one in view of its compatibility with [•, ■] means that the 
bunch [■, •] + A[-, -Jtj is a hnear bunch of Lie algebras, however, it is not obligatory 
a F-bunch, therefore the condition of remark 2 is not factorized generally. 

The least identity of theorem lA coincides with the modified classical Yang- 
Baxter equation [1] if i?^ = 1 that holds for the most important examples considered 
in [1]. In this case as it was shown in [1] the bracket [•, -j^ defined as 

[X, Y]'j, = [RX, Y] + [X, RY] = [X, YU + R[X, Y] 

is a Lie one. The general condition that the bracket [-, -j^ is a Lie one has the form 

[R^[X,Y],Z] + c.p. = 0. 

The bracket [•, plays a crucial role in the factorization method [1]. Let us consider 
an example when i?^ ^ 1, nevertheless, [-R^[^, Y], Z] + c.p. = 0. 

Example 1. Let us consider the Witt algebra with the basis {k G Z) and the 
commutation relations 

[ei,ej] = {i-j)ei+j. 
Introduce the operators R^ of the form 

Each operator R^ defines a structure of rhYB-algebra on the Witt algebra, for none 
n the squares of operators R^ are not equal to the identity but for all n the equality 
[Rl[X, Y],Z] + c.p. = holds. 

Remark 3. The linear F-bunches of Lie algebras do not form a submanifold (in 
sense of [4,5]) of the manifold of all linear bunches of Lie algebras. The identities, 
which connect the brackets [■, •] and [■,-]r (as well as [•, ■] and [•, -j'^j) are not known. 

Definition IB. A linear bunch of Lie algebras g is called the linear IlT-bunch if 
it admits a monomorphism into a linear F-bunch of Lie algebras. 

As it was marked above a description of the class of all linear IIF-bunches of Lie 
algebras by the complete system of identities is not known. 

Let us consider an example of the linear IIF-bunch of Lie algebras, whcih is not 
a linear F-bunch. 

Example 2 (cf.[3]). Let q = sa{n) be the Lie algebra of all skew-symmetric n x n 
matrices with the standard commutator [X, Y] = XY — YX and Q be an arbitrary 
nonscalar symmetric nxn matrix. Define a family of compatible Lie brackets [■,-]x 
as 

[X, Y]x = [X, Y] + X{XQY - YQX). 

The obtained linear bunch of Lie algebras is not a linear F-bunch, because in view 
of the nonscalarity of the matrix Q some of the algebras gx being isomorphic to 
sa{p, q) do not admit any homomorphisms into sa{n). On the other hand this bunch 
may be imbed into the bunch of all n x n matrices with the same brackets, which 
is a linear F-bunch with homomorphisms R\ defined by the operators of the left or 
right multiplication on the matrices Qx — I + XQ. 
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1.3. Lie mYB-algebras and linear F-bunches of Lie algebras. 

Definition 2A. The Lie mYB-algebra is a Lie algebra Q with the bracket [-,■], 
supphed by an operator i? : g i— > g such that 

R[RX, Y] + R[X, RY] = [RX, RY] + R^[X, Y] . 

Proposition 2. The Jacobi identity holds for the bracket 

[X, Y]r = [RX, Y] + [X, RY] - R[X, Y] 

in any Lie mYB-algebra. 

Theorem 1 A states that any hnear F-bunch of Lie algebras is a Lie mYB-algebra. 
The inverse statement is also true. 

Theorem IB. Any Lie mYB-algebra (g, R) is supplied by a structure of a linear 
F-bunch of Lie algebras with brackets [■,-]x = [■, •] + A[-, •J.r and homomorphisms 
R\ = 1 + XR. In particular, the brackets [•, ■] and [•, -jfl are compatible. 

Proposition 3. For any Lie mYB-algebra (g, R) an operator R' of the form f{R) = 
ao-\-aiR-\-a2R^ + ■ ■ . + a„i?"' defines a structure of the Lie mYB-algebra (0,/(i?)). 

Hence, the brackets [•, -Jij™ (n e Z_|_) are compatible between each other. Propo- 
sition 3 allows to construct the operators R' such that (i?')^ — 1 subsequent 
applications of the factorization method. 

1.4. Lie bi- mYB-algebras. 

Proposition 4. Let 21 be an associative algebra then its commutator algebra 2l[.^.] 
is a Lie mYB-algebra, where R{X) = R^q{X) = QX or R{X) = R'qiX) = XQ are 
the operators of the left or right multiplication on the elements Q of the associative 
algebra 21. Moreover, 

[X, YUr^ = [X, Y]j,t^ = XQY - YQX. 

This construction motivates the following definition. 

Definition 2B. The Lie bi-mYB- algebra is a Lie algebra g with bracket [•, •] sup- 
plied by two commuting operators Ri and R2 such that {q,Ri) and (0,-^2) are the 
Lie mYB-algebras with identical brackets [•, and [•, -jflg. 

Thus proposition 4 states that the fixing of any element Q of the associative alge- 
bra 21 supplies this algebra by a structure of the Lie bi-fhYB-algebra (2l[.^.] , Rq, Rq)- 

Remark 4- In any Lie bi-fhYB-algebra (g, -Ri, R2) the operator R1—R2 is a derivative 
of the bracket [■, •] of the Lie algebra g. 

Remark 5. A Lie mYB-algebra (g, R) is the Lie bi-mYB-algebra if and only if there 
exists a derivative ^ of the Lie algebra Q commuting with R such that 

[iX, iY] = [SX, Y] + [X, SY] -S[X,Yl S = R^, 

and Ri = R, R2 = R + C 

Hence, in the Lie bi-fhYB-algebra the operator ^ is a derivative of both brackets 
[•, •] and [-, ■]r. 
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Proposition 5. For any Lie bi-mYB- algebra {q, Ri, R2) and any polynomial f{x) 
the triple {q, f{Ri), f{R2)) is a Lie bi-mYB-algebra. 

Remark 6. In any Lie bi-mYB-algebra (2t[.^.], i^g) the bracket [-, -j^ defined as 

[X, YY = WqX, r'qY] + [r'qX, r'qY] - R'qR'qIx, y], 

obeys the Jacobi identity 

[[x,y]^z]^ + c.p. = o, 

and also is compatible with [•,■], [•, and [■, -ji^a- Moreover, the identity 

[X,YY = [X,Y]^. = [X,YU. 

holds for all X and Y. 

This fact motivates the following definition. 

Definition 2C. A Lie bi-mYB-algebra (0,i?i,i22) is called even-tempered if the 
identities 

[RiX, R2Y] + [R2X, R^Y] - RiR2[X, Y] = [RjX, Y] + [X, Rj, Y] - RjiX, Y], 
[RiX, R2Y] + [R2X, R^Y] - RiR2[X, Y] = [R^X, Y] + [X, RI Y] - RI[X, Y] 
hold. 

Note that one may claim only one of identities in definition 2C in view of propo- 
sition 5. 

Remark 7. The identities in the even-tempered algebra have the form 

[RX, ^Y] + [^X, RY] - R^[X, Y] = [R^X, Y] - 2[RX, RY] + [X, R^Y] 

in terms of R and ^. 

Thus, remark 6 means that the Lie bi-mYB-algebra (2l[.^.], i?Q, Rq) constructed 
from an associative algebra 21 and its element Q in proposition 4 is even-tempered. 

2. Representations of linear bunclies of Lie algebras 

This paragraph is devoted to representations of linear bunches of Lie algebras, 
which naturally appear in the quantization of linearly depending on a parameter 
and compatible (linear) Poisson brackets (such situation is usual for systems in 
external magnetic fields [6]). 

Definition 3 (cf.[3]). The representation of the linear IIT -bunch g of Lie algebras 
in the linear space H is a, mapping T : g 1— > End(iy) for which there exists an 
operator Qfi in H such that 

T([X, Y]x) = T{X)il + XQr)T{Y) - T{Y){1 + XQr)T{X) 

for all X and Y from q. A linear nF-bunch of Lie algebras is called representable 
if it admits a faithful representation. 

The claim of a representability of a linear nF-bunch is rather strong. Let us 
investigate some necessary conditions of representability of linear HF-bunches. 

Define for two Lie brackets [■, -ja and [•, -J/j in the linear space V their 0-product 
(depending on the element of V) as 

[X. yU(3 -I ^]a, Y]f3 + [[X, YU z]p + [[z, y],, x]p- 

z L 

-\\x, z]p, y]„ - [[X, y]^, z]„ - [[z, y]^, x]«) . 

Let us formulate the main theorem on the necessary conditions of the representa- 
bility of linear F- bunches of Lie algebras. 
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Theorem 2. The linear TlT-bunch of Lie algebras Q is representable only if there 

exists a linear family of (compatible) Lie brackets, which contains the prescribed 
bunch and which is closed under the ()-product. If such family V of Lie brackets 
exists then {g, V) possesses a natural structure of an isotopic pair. 

One has the following corollary for linear nF-bunches of Lie algebras. 

Corollary. A linear T -bunch of Lie algebras defined by the Lie uiYB-algebra {g, R) 
is representable only if the pair {g, R + A[adZ', R]) is a Lie inYB-algebra for any 
element Z of the Lie algebra g and an arbitrary number A. 

Note that each homomorphism of the Lie niYB-algebra (g, R) into the Lie bi- 
ihYB-algebra (2t[. .], i^g, -Rg) of proposition 4 allows to construct representations 
of the linear F-bunch g in the spaces of representations of the associative algebra 
0. The inverse statement is not true in general, i.e. a representation T of the linear 
F-bunch g in the linear space H does not obligatory define a homomorphism of the 
Lie rhYB-algebra {g, R) into the Lie bi-ihYB-algcbra (Mat [. ^. ] (n), i?g, i?g) (i.e. a 
homomorphism of {g,R) into (Mat[. .] (n), i?g) as algebras with operators) that is 
demonstarted by the following example. 

Example 3. Let us consider the Lie algebra sl(2, C) with the basis Lq, Li and 
commutation relations [Li, Lj] — {i — j)Li+j and the operator R on it: RLi = iLi. 
The pair (s[(2,C),i?) is a Lie fhYB-algebra and defines the linear F-bunch g. The 
two-dimensional fundamental representation of the Lie algebra sl{2, C) realizes a 
representation of this bunch with Q = Lq, however, none homomorphism of the 
Lie mYB-algebra (s[(2, C), i?) into the Lie bi-mYB-algebra (Mat[.,.](n), i?^, i?y 
corresponds to it, because the equality T{R)T{Lq) = implies T{R) = in view 
of the invertibility of the operator T{Lq). 
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MSOTOnHHECKHE HAPbl H MX HPEilCTABJIEHHil. III. 
ny^KM AJIPEBP JIM M MOJIM^MUMPOBAHHOE 
yPABHEHHE HHFA-BAKCTEPA 

Ji:.B.IOpfceB 

IleHTp MaTCMaTH^ecKoe (|)h3hkh h HH(|)opMaTHKH "Tajiacca QTepusi" , 
yji.MHKJiyxo-MaKJiafl 20-180, MocKsa 117437 Pocchh. 
E-mail: denis@juriev.msk.ru 

q-alg/9708027 

HaHHaii He6ojibmaii saivieTKa iiBJiiieTCii KpaxKHM KOMMenTapneM k neKOTO- 
pbiM acneKTaM xeopHH KJiaccH^iecKoe r-MaTpHixbi [1] h SnraivEHJiBTOHOBa (|)op- 
MajiHSMa [2], MOTHBHpoBKoe KOToporo cjiy>KaT KOHCTpyKiiHH paSoT [3]. 

1. JiHHeeHBie ny^KH ajireSp JIh h fnYB-ajire6pbi JIh 

HaHKbie naparpacf) nocBflmen anajiHsy neKOTopbix aJireSpaH^ecKHX CTpyK- 
Typ, CBfl3aHHbix c jiHHeeHbiMH ny^KaMH ajireSp JIh. 

1.1. F-ny^KH ajireSp JIh h KacaTejibHciH CKoSKa. 

Onpe^ejieHHe lA. UyHKOM (odHonapaMempuuecKUM) ajize6p JIu HasbiBaeTCH 
jiHHeeHoe npocTpancTBO 0, cnaSiKeHHoe o/i,HonapaMeTpHT^ecKHM ceMeecTBOM 
jiHCBCKHx cKoSoK [■ ■, ■]\ (A G M) . AjireSpa JIh hs ny^Ka g, onpe^ejiaeMaa 
CKoSKoe [■, "Ia, oSosna^aeTCii 0a- Hy^iOK ajireSp JIh q nasbiBaeTCii V-nyuKOM, 
ecjiH 3a;i;aHbi roMOMop(|)H3Mbi R\ vis ajireSp JIh Q\ b ajireSpy JIh go? hhlimh 
CJiOBaMH, ji^jisi Bcex X H y H3 BLinojiHeno paBencTBO 



Ry^[X,Y],,^[RxX,RxY], 



r^e [•,■] = [-j-lo. 



B ^^ajiBHeemeM 5y;^yT paccMaTpHBaTbCii rjia^^Kne ny^iKH, T.e. ny^iKH ^^Jiii 
KOTopux jiHCBCKHe ckoSkh oSpasyiOT rjia;^Koe ceMeecTBO, h rjia;i;KHe F-ny^iKH, 
KOTopux rjia^HM iiBJiiieTCii TaKHce ceMeecTBO roMOMop(|)H3MOB R\. 

npe,a;jiOH<eHHe 1. Ilycmb - ZAadnueT-nyHOK aAzedp JIu, onpedeAUM KacameAb- 
nyio CKoSny [■,-]r CAedyTotuvM o6pa30M: 



A=0 



Tozda 

[X, Y]r = [RX, Y] + [X, RY] - R[X, F], 

zde 



„ dRx 
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A=0 



3aMexv,aHue 1. CKoSKa [•■,-\r TpHBHajibna (TOK^^ecTseHHo pasna nyjiio) Tor;^a 
H TOJibKO Tor;i;a, Kor^^a R - ;i;H(|)(|)epeHii;HpoBaHHe ckoSkh [•, •]. 

SaMeuaHue 2. YcjiOBHe jiHesocTH ckoSkh [■,-]r HMeex BUfl, 

{[B{X, Y), Z] + B{[X, Y],Z)) + c.p. = 0, 

r;;e 

B(X, Y) = R[RX, Y] + R[X, RY] - [RX, RY] - R'^[X, Y]. 

PasBepnyToe Bt.ipa>KeHHe ^jih B{X,Y) moskct Sbitb CKOMnoHOBano b ^ByMJien- 
nyio (|)opMyjiy: 

BiX, Y) = R[X, Y]r- [RX, RY] . 

1.2. JiHHeeHbie F-ny^iai ajireGp JIh h MO/ija(j[)Hii;HpoBaHHoe ypaBHCHHe 
Hnra-BaKCTepa. Otmbthm, ^ito CKoSna [■, ] h KacaTejibnaH CKoSKa [■,-]r b 
npoHSBOJiBHOM F-nyMKe ajireSp JIh Bcer;i;a y;^OBJieTBopiieT TOK^^ecTBy 

{[[X, Y]r, Z] + [[X, Y] ,Z]r)+ c.p. = 0. 

KaK cjie;;cTBHe, ecjiH KacaTejibnaH CKo6Ka [■,-]r JineBCKaH, to ona comaco- 
Bana co CKoSKoe [-, ■]. Bto oScTOiiTejibCTBO iiBJiiieTCii MOTHBHpoBKoe pac- 
CMOTpeHHii JiHHeeHbix F-ny^iKOB ajire6p JIh. 

Ily^oK ajireSp JIh g HasbmaeTCH jinneeHbiM, ecjiH jineBCKne ckoSkh [•, ■]x 
oSpasyiOT jinneeHoe ceMeecTBo, hkbimh cjioBaMH [■,-]\ = (1 — A)[-,-] + A[-,-]i. 
F-ny^iOK ajireSp JIh HasuBaeTCii jiHHeeHUM, ecjiH ne tojibko jineBCKne cko6kh, 
HO H roMOMop(|)H3MBi Rx oSpasyiOT jiHHeenoe ceMeecTBO, T.e. Rx = 1 + 
XR. TpeSoBanne jinneeHOCTH ceMeecTBa roMOMop(|)H3MOB Rx ecxecxBeHHo, 
nocKOJibKy ^Jia HejiHHeeHoro ceMeecxBa Rx ero jiHHeeHaa MacTb 1 + XR (R = 
^^\x-o) 3a/iacT TO -Me jiMHeenoe ceMeecTBo ckoSok [■,-]x- 

TeopeMa lA. JJ^^ AUHeenozo T-nyuKa aAzeBp JIu g KacameAbHafr ckoSku [■,-]r 
(KomopofT e amoM cjiyuae JiueecKcm) ydoejiemeop^em ycjioeum 

R[X,Y]r=[RX,RY], 

UHUMU CAOeaMU, 

R[RX, Y] + R[X, RY] = [RX, RY] + R^[X, Y] . 

TeopeMa osna^aeT, mto ycjiOBHe jineBOCTH ckoSkh [•,-\r h3 saMe^aHHii 
2 B cjiy^ae jiHHeenLix F-ny^iKOB (|)aKTopH3yeTca h CBO^^HTCii k TpeSoBannio 
TOJK^ecTBeHHoro paBencTBa BbipaaceHMH B{X,Y) nyjiio. Otmbthm, mto Jine- 
BOCTL. ckoSkh [-, -jjj b cHJiy ee corjiacoBanHOCTH co CKoSKoe [•, •] osna^aeT, mto 
ny^oK [•, ■] + A[-, ■]r - jiHHeeHBie ny^iOK ajire6p JIh, o;i;HaKO, oh hc o6ii3aH Smtb 
F-ny^iKOM, noBTOMy b oSmeM cjiy^ae ycjiOBHC jihcbocth h3 saMe^anHii 2 ne 
(|)aKTopH3yeTCii. 

IIocjie^Hee TO>K^ecTBo b Teopeivie lA coBna^aeT c MO^H(|)Hii;HpoBaHHbiM KJiac- 
CH^ecKHM ypaBHCHHeM Hnra-BaKCTepa [1] npn R?' = 1, mto BbinojiHaeTca ^jiji 
HanSojiee Ba>KHBix npHMepoB, paccMOTpenHux b [1]. B 9tom cjiy^ae, KaK 

8 



noKasano b [1], jiHescKoe CKoSKoe xaioKe iiBJiiieTCii CKoSKa [t]^, sa^^asaeMaH 
cjie^^yiomHM oSpasoM 

[X, Y]'j, = [RX, Y] + [X, RY] ^ [X, Y]r + R[X, Y]. 

OSmee ycjiOBne jiHesocTH ckoSkh [■, -j^ Bbirjiii;i;HT cjie^iyiomHM oSpasoM: 

[R^[x, y],z] + c.j9. = 0. 

CKoSKa [-j-]'^ HrpaeT KJiioMeByio pjit b MCTO^e {|)aKTopH3aii;HH [1]. npHBe;i;eM 
npHMep, Kor^a R? ^ 1, o^naKO, y], Z] + c.p. = 0. 

UpuMep 1. PaccMOTpHM ajireSpy BnTxa c SasHCOM e/c (A; G Z) h KOMMyxaiiiH- 

OHHblMH COOTHOineHHHMH 

[ei.ej] = {i-j)ei+j. 
BBe^eM onepaTopbi i?„ cjie^yiomero BH^a 

KajK/tbie H3 onepaTopoB i?„ sa^aeT na ajireSpe BHTTa CTpyKTypy mYB-ajire5- 
pBi, npH 3TOM HH fl,jiH KaKoro u KBa^paTLi onepaTopoB R^ ne paBHti e^HHHii,e, 
o^^naKO, npH Bcex n TO>K;;ecTBO [-R^[X, Y], Z] + c.p. = BBinojiHeno. 

SaMeHGHue 3. JlHHeeHue F-ny^KH ajireSp JIh ne oSpasyiOT no^MHoroo6pa3Hii 
(b CMMCJie [4,5]) B MHorooSpasHH Bcex jiHHeeHMx ny^iKOB ajireSp JIh. Tohc- 
AGCTBa, KOTopue CBiisLiBaiOT ckoSkh [•, ■] H [•, (KaK, Bnpo^eM, H [■, •] H [■, -J^) 

HeHSBeCTHM. 

Onpe^eJieHHe IB. JlHHeenbie ny^OK ajireSp JIh q HasbiBaeTCJi AuneenuM IIT- 
nyuKOM, ecjiH oh ;^onycKaeT mohomop(|)H3m b neKOTopBie jinneeHBie F-nyMOK 
ajireSp JIh. 

KaK OTMeMajiocL. Bbime, onncaHHe KJiacca JinneeHbix IIF-nyMKOB aJireSp JIh 
c noMoin,L.io Toat/tecTB HensBecTHo. 

IIpHBe^^eM npHMep jinneeHoro IIF-ny^iKa ajireSp JIh, ne iiBJiiiiomerocii jih- 
HeeHMM F-nyMKOM. 

UpuMep 2 (cp.[3]). IlycTb g = sa{n) - ajireSpa JIh Bcex KOCOCHMMeTpn^i- 
ecKHx MaTpHii; n x n co CTaH;i;apTHLiM KOMMyxaTopoM [X, y] = XY — YX, h 

Q - npoHSBOJibHaa HecKajiapnaH cHMMeTpHT^ecKaa MaTpHn;a n x n. Sa^a^nM 
ceMeecTBo corjiacoBaHHbix jineBCKHx ckoSok [■,-]x cjie^iomHM oSpasoM 

[X, y] A = [X, Y] + XiXQY - YQX). 

nojiyT^eHHL.ie JinneeHbie nyMOK aJireSp JIh He HBJiaeTca JinneeHbiM F-ny^KOM, 
nocKOJiBKy B cHJiy HecKajiapnocTH MaTpniiti Q neKOToptie hs ajireSp Qx, 5y/i,y- 
™ H30Mop(|)HbiMH $a{p,q), He ;i;onycKaiOT roMOMop(|)H3MOB B sa{n). C ;i;pyroe 
CTopoHBi, ^aHHbie ny^iOK BKJia;i;BiBaeTCii b ny^iOK Bcex MaTpnn; n x n c TeMH 

>Ke CKoSKaMH, KOTOpBie HBJiaeTCH JIHHeeHBIM F-ny^KOM C rOMOMOp4)H3MaMH 

Rx, sa^aBaeMBiMH onepaTopaMH yMHOHienHH cnpaBa hjih cjieBa na MaTpnitBi 
Qx^l + AQ. 
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1.3. mYB-aJireSpu: JIh h JiHHeeHme F-ny^KH aJireSp JIh. 

Onpe^eJieHHe 2A. mYB-ajize6poe JIu nasLiBaeTCii ajireSpa JIh g co CKoSKoe 
[•, ■], CHa5>KeHHaii onepaTopoM i? : g i— > g xaKHM, ^ito 

R[RX, Y] + R[X, RY] = [RX, RY] + R^[X, Y]. 

IIpe/^JioateHHe 2. B mY'B-ajize6pe JIu dnsr ckoBku 

[X, Y]r = [RX, Y] + [X, RY] - R[X, Y] 

eunoAHfremcfr moofcdecmeo Hko6u. 

TeopeMa lA yTBep>K^aeT, ^ito BCHKHe JiMHeeHbie F-nyMOK ajireSp JIh iiBJiii- 
eTCH inYB-ajireSpoe JIh. HMeex mbcto h oSpaTHoe yTBepai^eHHe. 

TeopeMa IB. Bcstkost mYB-aAze6pa JIu (g, R) cuaB^icaemcsr cmpyKmypoe jiunee- 
Hozo T-nyuKa ajizedp JIu co ckoSkumu [■, -Ja = [■, •] + A[-, ■]r u zoMOMop^u3MaMU 
R\ = 1 + XR. B HacrriHocmu, cko6ku [•, •] u [■, -Ji? cozAacoeanu. 

npe/j,jio}KeHHe 3. JI./ifr npouseojibuoe mYB-ajizedpu JIu (g,-R) Jiwdoe onepamop 
R' euda f{R)=ao+aiR+a2R'^ + - ■ .+a„-R" sadaem cmpyKmypy mYB-aAzeSpu JIu 

KaK CJie;i;cTBHe, ckoSkh [-j-jfl" (n e Z+) corjiacoBanbi Me>K;iy coSoe. Ilpe;!;- 
Jio>KeHHe 3 nosBOJiiieT ctpohtb onepaTopu R' xaKne, mto (-R')^ = 1, ;i;Jiii nocjie- 
^lyiomero npHMeneHHa MeTo;];a (|)aKTopH3aii;HH. 

1.4. BH-mYB-ajire6pM JIh. 

Tlpe^omeiivie 4. Ilycmb 21 - accoi^uamueHOfr anzedpa, mozda KOMMymamop- 
Haff aAze6pa 2t[. .] freAfremcfr mYB-amedpoe JIu, zde R{X) = Rq{X) = QX uau 
R{X) = Rq{X) = XQ - onepamopu yMHOotcenu^ cjieea u cnpaea na dJieMenmu 
Q accou,uamueHoe ajize6pu 21. IIpu amoM, 

[X, y]«. = [X, F]^^ = XQY - YQX. 

9Ta KOHCTpyKiiHH HBJiaeTCH MOTHBHpoBKoe CJie^^yiomero onpe^^ejienHii. 

Onpe^ejieHHe 2B. Eu-mYB-aAze6poe JIu HasbmaeTca ajireSpa JTh g co cko5- 
Koe [•,•], CHa5>KeHHafl ffsyMsi KOMMyTHpyiomHMH onepaTopaMH Ri h R2 xaKH- 
MH, ^TO (g,i?i) H (g,i?2) - fnYB-ajireSpti JIh c coBna^aiomnMH cKoSKaMH 

[•, -Ifli H [•, ■]r2- 

TaKHM oSpasoM, npe^JiojKeHHe 4 yTBep>KAaeT, ^^to ({)HKCHpoBaHHe npoHS- 
BOJiBHoro ajieMBHTa Q acconiHaTHBHoe ajire6pBi 21 CHa5>KaeT yKasanHyio aji- 
reSpy CTpyKxypoe 5H-mYB-ajire5pLi JIh (2l[. ^. j, -Rq, i^g). 

SaMenanue 4. OnepaTop R1—R2 b 5H-mYB-ajire5pe {g,Ri,R2) iiBJiiieTCii 
(|)epeHii;HpoBaHHeM ckoSkh [■, •] ajireSpLi JIh g. 

SaMenanue 5. mYB-aJireSpa JIh (g, R) iiBJiiieTCii Sn-mYB-ajireSpoe Tor;;a h 
TOJIL.K0 Tor^a, Kor^a cymecTByeT ;5H(|)(|)epeHii;HpoBaHHe ^ ajireSpbi JIh g, kom- 

Myrapyiomee c R, TaKoe, mto 

A, iY] = [SX, Y] + [A, SY] -S[X,Y], S = R^. 

IIpH 9TOM Ri= R, R2 = R + ^. 

KaK cjie.zi;cTBHe, onepaTop ^ b 5H-fnYB-ajire5pe JIh HBJiaeTCH ^H(j)(j)epeH- 
ilHpoBaHHeM oSenx cko6ok [•, •] h [-j-jfl. 
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npe,z^noM«eHHe 5. Mjifr Jiwdoe 6u-mY'B-aAze6pu JIu {q,Ri,R2) u MuozoHAena 
f{x) mpoeKa {q, f{Ri), f{R2)) freAfremcfr Su-mYB-aAzeSpoe JIu. 

SaMeuanue 6. B Sn-mYB-ajireSpe JIh .], i^g) CKoSKa [-, -j^, 3a;i;aBaeMaH 
cjie^^yiomHM oSpasoM 

[X, YY = R'qY] + [R'qX, R'qY] - R'qR'q[X, F], 

y^^OBJieTBopiieT TO>K;i;ecTBy >Hko5h 

[[X,Y]'^,Z]'^ + c.p. = 0, 

a TaioKe corjiacoBana co CKoSKaMH [■,•], [•, h [■, -jfla- Bojiee Toro, fl,Jisi Bcex 
X m Y BbinojiHeno paBencTBO 

Btot (|)aKT iiBJiiieTCii MOTHBHpoBKoe CJie^^yiomero onpe;i;ejieHHii. 

Onpe/j,jieHHe 2B. BH-mYB-ajire5pa JIh {q, Ri, R2) HasbmaeTCii ypaeHoeemen- 
Hoe, ecjiH BbinojiHeHbi cjie^^yiomHe TO>K;^ecTBa 

[RiX, R2Y] + [R2X, RiY] - RiR2[X, Y] = [RjX, Y] + [X, Rj, Y] - Rl[X, Y], 
[RiX, R2Y] + [R2X, R,Y] - RiR2[X, Y] = [RlX, Y] + [X, Rl Y] - Rl[X, Y]. 

Otmbthm, ^to b onpe^ejieHMH 2B ^ocTaTO^HO noTpeSoBaTb BunojiHeHHii 
o^Horo H3 TO>K/];ecTB B CHJiy npe^JiojKeHHH 5. 

SaMenaHue 7. Toiac^^ecTBa ypaBHOBemeHHOCTH b TepMHnax -R h ^ hmbiot bh;^ 

\RX, iY\ + \iX, RY\ - Ri\X, Y\ = [R^X, Y] - 2[RX, RY] + [X, R^Y]. 

TaKHM oSpaaoM, aaMe^aHHe 6 oanaMaeT, mto 5H-mYB-ajire5pa (2l[. . j, i?Q, i^g), 
nocTpoeHHaa b npe/i,jio>KeHHH 4 no accoitHaTHBHoe ajireSpe 21 h ee 9JieMeHTy 
Q, HBJiaeTCH ypaBHOBemeHHoe. 

2. IIpe^CTaBJieHHji jiHHeeHmx ny^KOB ajireSp JIh 

HaHHbie naparpa(|) nocBiimeH npe^^CTaBJienHiiM jiHHeenbix ny^iKOB ajireSp 
JIh, KOTopbie ecTecTBenHO BOSHHKaiOT b paMKax KBaHTOBanHa jiHHeeno sa- 
BHcamHx OT napaMCTpa corjiacoBaHHbix (jiHHeeHbix) ckoSok IlyaccoHa (mto 
xapaKTepHo ^jih cHCTeM bo BHemneM MarHHTHOM nojie [6]). 

Onpe^ejieHHe 3 (cp.[3]). UpedcmaeAeHueM AuneeHozo HT-nyuKa g aAze6p JIu 
e AUHeenoM npocmpaucmee H , HasbiBaeTca OTo5pa>KeHHe T : g 1— >• End(i?), ^jih 
KOToporo cymecTByeT onepaTop b H TaKoe, ^to 

T([X, = T(X)(1 + \Qr)T{Y) - T{Y){1 + \Qr)T{X), 

j\jisi npoHSBOJiBHbix X H y H3 0. JiHHeeHbie nr-nyMOK ajireSp JIh HasbmaeTCJi 
npedcmaeuMUM, ecjiH oh o6jia;i;aeT xoTii 6bi oahhm to^hmm npe^cTaBJieHneM. 
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TpeSoBaHHe npe;i;cTaBHMOCTH jiHHeenoro Iir-nyMKa ;i;ocTaTO^HO CHJibHoe. 

MsyMHM pnA Heo6xo;],HML.ix ycjioBHe npe^CTasHMOCTH JiHHeeHMX nF-nyMKOB. 

Onpe/iejiHM a^jih /iByx jihcbckhx cko5ok [■, -Jq, h [•, ■]p, sa/iaHHBix b jiMHeenoM 
npocTpaHCTBe V, hx O-npoHSBe^eHHe (saBHcamee ot ajieMeHTa npocTpancTBa 
V) cjie/^yiomHM oSpasoM: 

[X, YU^ =1 {[[X, ZU, Y]^ + [[X, YU, Z]p + [[Z, YU X]p- 

z A 

-[[X, z\p, y]« - [[X, y]^, z]« - [[z, Y\^, x\o) . 

C(|)opMyjiHpyeM ocHOBHyio TeopeMy o Heo5xo;i;HMbix ycjiOBHiix npe;i;cTaBHMOC- 
TH jiHHeeHMx F-nyMKOB ajireSp JIh. 

TeopeMa 2. Jluneenue. HV-nynoK aAzeBp JIu Q npedcmaeuM, moAbKO ecAU cy- 

w^ecmeyem AUHeenoe ceMeecm,eo (coG,M,ecm,uMux) AueecKux ckoBok, codepjica- 
w,ee ynaaaHHue nyuon u saMKuymoe oniHocumeAbHO ()-npou3eedeHUH. Ecau ma- 
Koe ceMeecmeo V AueecKux cko6ok cym,ecmeyem, mo (g, V) HadeAfremcfr ecniecm- 
eeHHoe cmpyKmypoe usomonuuecKoe napu. 

Hjih jiHHeeHBix HF-ny^KOB ajireSp JIh HMeeM cjie^yiomee cjie^iCTBHe. 

Cjie/ipTBHe. JIuHeenue V-nyuoK aAze6p JIu, sadaeaeMue mYB-aAze6poe JIu 
(0, R), npedcmaeuM, moAbKO ecAU dAfr aio6ozo aAeMenma Z aAze6pu JIu Q u npo- 
useoAbHozo HUCAG A uapa (q, R + A[ad Z, R]) sreAsremcsT mYB-aAze6poe JIu. 

Otmcthm, mto no BCiiKOMy roMOMop(|)H3My mYB-ajire5pLi JIh (g, R) b 5h- 
mYB-ajire5py JIh (2t[.,.], i?^, npeAJio>KeHHii 4 CTpoiiTCii npeACTaBJienHii 
jiHHeeHoro F-ny^^Ka g b npocTpancTBax npe^cTaBJieHHe accoiiHaTHBHoe ajireS- 
pbi Q. OSpaTHoe, BooSme roBopa, ne Bepno, T.e. npe^CTaBJieHHe T jiHHeeHoro 
F-nyMKa g b jiHHeenoM npocTpancTBe H ne Bcer;i;a onpeAeJiiieT roMOMop(|)H3M 
mYB-ajireSpbi JIh (g, -R) b 5H-mYB-ajire5py JIh {Mat[. ^.]{n), Rq, Rq) (T.e. ro- 
MOMop(|)H3M (g, i?) B (Mat [. ^. ] (n), i^g) KaK aureSp c onepaTopaMn), ^ito noKa- 
SLiBaeT cjie^iyiomHe npHMep. 

IIpuMep 3. PaccMOTpHM ajireSpy JIh s[(2,C) c SasHCOM L_i, Lq, Li h KOMMy- 
TaiiHOHHbiMH cooTHomeHHHMH [Li,Lj\ = {i — j)Li+j, a TaK>Ke onepaTop R na 
nee: RLi = iLi. Ilapa (sl(2,C),i?) HBJiaeTca fnYB-ajire5poe JIh h onpe^ejiaeT 
jiHHeeHLie F-ny^iOK g. <I>yH;i;aMeHTajibHoe ;^ByMepHoe npeACTaBJienHe ajireSpu 
JIh s((2,C) ocymecTBJiiieT npe^^CTaBJienne 9Toro ny^Ka c Q = Lq, OAHaKO, 
eMy He cooTBeijTBycT HHKaKoe roMOMop(|)H3M mYB-ajireSpu JIh (sl(2,C),i?) 
B 5H-fnYB-ajire5py JIh (Msit^. . ^{n), Rq, Rq) nocKOJiBKy b CHJiy oSpaTHMOCTH 
onepaTopa T{Lq) paBencTBo T{R)T{Lq) — BJie^eT T{R) — 0. 
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